Intro to Calculus Review /55

marks]

The values of the functions f and g and their derivatives forz = 1 and x = 8 are
shown in the following table.

x f ) f'x) £(x) g')
1 2 4 9 -3
8 4 -3 2 5

Let h(z) = f(2)g(a)

la. Find h(1). [2 marks]

Markscheme

expressing k(1) as a product of f(1) and g(1) (A1)
egf(1) x g(1),2(9)

h(1) =18 A1 N2

[2 marks]

1b. Find h'(8). [3 marks]

Markscheme

attempt to use product rule (do not accept b’/ = f’ x g') (M1)
egh’ = fg' +gf',n'(8) = f'(8)g(8) + g'(8) f(8)

correct substitution of values into product rule (A1)

egh'(8) = 4(5) +2(—3), — 6+ 20

h'(8) =14 A1 N2

[3 marks]



2. Let f(z) = (z® + 3)". Find the term in z° in the expansion of the [7 marks]
derivative, f'(z).

Markscheme

METHOD 1
derivative of f(x) A2

7(2? + 3)5(22)

recognizing need to find z* term in (? + 3)% (seen anywhere)  R1
egldz (term in z)

valid approach to find the terms in (22 + 3)¢  (M1)

eg(i) (22)077(3)", (2%)%(3)° + (x?)°(3)! + ..., Pascal’s triangle to 6th row

identifying correct term (may be indicated in expansion) (A1)
2\2(9\4
). @)

correct working (may be seen in expansion) (A1)

egbth term, r = 2, (

eg(i) (£2)2(3), 15 x 3%, 14z x 15 x 81(z?)?

170102° A1 N3
METHOD 2

recognition of need to find % in (2% + 3)7 (seen anywhere) R1

valid approach to find the terms in (22 + 3)" (M1)

eg( i) (22)""(3)7, (x?)"(3)° + (z2)%(3)! + ..., Pascal’s triangle to 7th row

identifying correct term (may be indicated in expansion) (A1)
2\3(9)\4

1) 62

correct working (may be seen in expansion) (A1)

eg(Z) (x2)3(3)4, 35 x 34
correctterm (A1)

28352°

egéth term, r = 3, (



differentiating their term in x5 (M1)
eg(2835z%)’, (6)(2835x°)

17010z° A1 N3
[7 marks]

3. Letf(:v):hl(—493)for0<a:§5.

x

[7 marks]

Points P(0.25,0) and @ are on the curve of f. The tangent to the curve of f at P
is perpendicular to the tangent at (). Find the coordinates of ().

Markscheme

recognizing that the gradient of tangent is the derivative (M1)
eg [’

finding the gradient of f at P (A1)

eg f'(0.25) =16

evidence of taking negative reciprocal of their gradient at P (M1)

1 1
€9 T T Foom)

equating derivatives M1
1 z(5)—In(4z)
eg f'(z) =1, f = _%77 =16

finding the z-coordinate of ), x = 0.700750

x=0.701 A1 N3

attempt to substitute their z into f to find the y-coordinate of Q) (M1)
eg f(0.7)

y = 1.47083

y=1.47 A1 N2

[7 marks]

(Inz)?
Let f(z) = —~, forz > 0.

4a. show that f/(z) = oz, [2 marks]

T



Markscheme

METHOD 1
correct use of chain rule A1A1

1 2Ing

21
ed SCE R z? 2¢

Note: Award A1 for % Al for x %

f'(z) = 22z AG NO

[2 marks]

METHOD 2

correct substitution into quotient rule, with derivatives seen A1

2><21ng;><%—0><(1ng;)2
eqg 1

correct working A1

4lnm><é
eqg 1

! _In
f'(z) = 2% AG NO
[2 marks]

4b. There is a minimum on the graph of f. Find the z-coordinate of this [3 marks]
minimum.

Markscheme

setting derivative =0 (M1)
eg f'(z) = O,th“’ =0

correct working (A1)

eglnz =0,z = ¢’

r=1A1N2
[3 marks]



Let g(:z:) = % The following diagram shows parts of the graphs of f/ and g.

Vv

The graph of f’ has an x-intercept at = p.

4c. Write down the value of p.

Markscheme
intercept when f/(z) = 0 (M1)
p=1A1N2

[2 marks]

4d. The graph of g intersects the graph of f/ when z = q.
Find the value of q.

Markscheme

equating functions (M1)

I — 1 _ 1
egf'=9, =+

correct working (A1)
eglnxr =1

q = e (acceptx =€) A1 N2
[3 marks]

[2 marks]

[3 marks]



5. Let f(x) = e?®. The line L is the tangent to the curve of f at (1,e?).  [6 marks]
Find the equation of L in the form y = ax + b.

Markscheme

recognising need to differentiate (seen anywhere) R1
eg f', 2%

attempt to find the gradient whenz =1 (M1)

eg f'(1)

f'(1) = 2¢?* (A1)

attempt to substitute coordinates (in any order) into equation of a straight line
(M1)

egy —e*=2e?(x—1),e? =2e2(1) + b
correct working (A1)

egy —e? = 2e?x — 2e?, b= —e?
y=2e’x — e A1 N3
[6 marks]

Let f(x) = vt —%

6. Find f'(z). [2 marks]

Markscheme

4
expressing f as 3 (M1)

fl(z) = 427 (= Ly ) AL N2

[2 marks]

Consider f(z) = z2sinz .

7a. Find f'(z) . [4 marks]



Markscheme

evidence of choosing product rule (M1)
eg uv' + vu/
correct derivatives (must be seen in the product rule) cosz , 2z (A1)(A1)

f'(z) = 22 cosz + 2zsinz A1 N4
[4 marks]

us

7b. Find the gradient of the curve of fatx = 7 . [3 marks]

Markscheme

substituting 3 into their f'(z) (M1)

e f'(3) . (5) cos(5) +2(3)sin(3)

correct values for both sin 3 and cos  seen in f'(z) (A1)
eg0+2(%) x1

f(3) =mA1N2

[3 marks]

Letf(:c):sinm+%:1:2—2:1:,for0§w§7r.

8a. Find f'(x) . [3 marks]

Markscheme
f'(z) =cosz+x — 2 A1A1A1 N3

Note: Award A1 for each term.
[3 marks]



Let g be a quadratic function such thatg(O) =5 .Thelinex = 2 is the axis of symmetry of the graph

of g.

8b. Find g(4) .

Markscheme

recognizing g(0) = 5 gives the point (0, 5) (R1)

recognize symmetry (M1)
eg vertex, sketch

2

P
- : L

|
l
|
I
|
|
!
|
1
i
I
i
|
|

g(4) =5 A1 N3
[3 marks]

The function g can be expressed in the form g(z) = a(z — h)2+ 3.

8c. (i) Write down the value of h .
(ii) Find the value of a .

[3 marks]

[4 marks]



Markscheme

(ih=2A1NI

(i) substituting into g(x) = a(z — 2)? + 3 (not the vertex) (M1)
eg5=a(0—2)2+3,5=a(4—2)%2+3

working towards solution (A1)

egb=4a+3,4a =2

a= 5 A1 N2

[4 marks]

8d. Find the value of x for which the tangent to the graph of f is parallel to [6 marks]
the tangent to the graph of g .

Markscheme

g(z)=3(z—2)2+3=12>—22+5

correct derivative of g AIA1

eg2 x z(z—2),z—2

evidence of equating both derivatives (M1)
eg f'=4g'

correct equation (A1)
egcosx+x—2=x— 2

working towards a solution (A1)

eg cosx = 0, combining like terms

= % Al NO

Note: Do not award final A1 if additional values are given.
[6 marks]



Let f(z) = % . Part of the graph of fis shown below.

y
- 50 ¥
9a. Write down f(0) . [1 mark]
Markscheme
__ 100
f(0) = 51 (exact), 1.96 A1 N1
[1 mark]
9b. Solve f(x) =95. [2 marks]
Markscheme
setting up equation (M1)
_ 100 , : . o
eg 95 = T 500 sketch of graph with horizontal line at y = 95
r=34.3 A1 N2
[2 marks]
[3 marks]

9c. Find the range of f .



Markscheme

upper bound of y is 100 (A1)
lower bound of y is 0 (A1)
range is 0 < y < 100 A1 N3
[3 marks]

9d. Show that f/(z) = 1000 [5 marks]
(1450e~0-2z)



Markscheme

METHOD 1
setting function ready to apply the chain rule (M1)
eg 100(1 + 50e~0-2z)~1

evidence of correct differentiation (must be substituted into chain rule) (A1)
(A1)

egu = —100(1 + 50e022)=2 o/ = (50e027)(—0.2)
correct chain rule derivative A1
eg f'(z) = —100(1 + 50e~%22)~2(50e~0-2) (—0.2)
correct working clearly leading to the required answer A1
eg f'(z) = 1000e ?*(1 + 50e0-22) 2
022
fl(z) = % AG NO
METHOD 2
attempt to apply the quotient rule (accept reversed numerator terms) (M1)

! / / !

v —uv'  w'—vu
eg 3 , 2
v v

evidence of correct differentiation inside the quotient rule (A1)(A1)
(14+-50e%22)(0)—100(50e~*2*x —0.2)  100(—10)e"2z—0
eg f'(z) =

(14-50e~02x)? " (14+50e022)?
any correct expression for derivative (0 may not be explicitly seen) (A1)
—100(50e %22 x —0.2)
(1+50e~0-2z)?

correct working clearly leading to the required answer A1
0—100(—10)e %2=  —100(—10)e 2=
e@7tfl(5v) = YRV o212
(1+50e022) (1+50e—0-22)

/ 1000e0-2z
= —_ AG NO
f'(z) (1450e—02z)?

[5 marks]

9e. Find the maximum rate of change of f . [4 marks]



Markscheme

METHOD 1
sketch of f'(z) (A1)

€9

recognizing maximum on f’(z) (M1)

eg dot on max of sketch

finding maximum on graph of f/(z) A1

eg (19.6, 5) , ¢ = 19.560. ..

maximum rate of increase is 5 A1 N2

METHOD 2

recognizing f"(z) = 0 (M1)

finding any correct expression for f”(x) = 0 (A1)

(1+50e022)*(~200e~02)— (1000e~022)(2(14-50e~022)(—~10e~022))

e
= (1+450e-0-2z)*

finding £ = 19.560... A1
maximum rate of increase is 5 A1 N2
[4 marks]



The following diagram shows the graph of f(z) = asin(b(x —c¢)) +d, for2 <z <10.

P(4,12)

10F

L\
\/

-5t Q6. -4

There is a maximum point at P(4, 12) and a minimum point at Q(8, —4) .

10a. Use the graph to write down the value of [3 marks]
(i) a;
(i) ¢;
(i) d.

Markscheme

(i)a=8 A1 N1

(il)c=2A1N1

(iii)d=4 A1 N1
[3 marks]

10b. Show that b = % ) [2 marks]



Markscheme

METHOD 1
recognizing that period = 8 (A1)
correct working A1

_ 27 _ 27
e.g. 8 = 3 b= 3
b= % AG NO
METHOD 2
attempt to substitute M1
e.g. 12 = 8sin(b(4 — 2)) + 4
correct working A1
e.g.sin2b=1
b= T AG NO
[2 marks]

10c. Find f'(z) . [3 marks]

Markscheme

evidence of attempt to differentiate or choosing chain rule (M1)

e.g.cos 7 (z—2), 7 x8

f'(x) = 27rcos(%(ac — 2)) (accept 27 cos T(x—2))Az N3

[3 marks]

10d. At a point R, the gradient is —27 . Find the x-coordinate of R. [6 marks]



Markscheme
recognizing that gradient is f'(x) (M1)

e.g. f'(z) =m
correct equation A1

e.g. —2m = 2mwcos(4(z — 2)) , —1 = cos(5(z — 2))

correct working (A1)

e.g.cos '(—1) = Z(z—2)

using cos 1(—1) = 7 (seen anywhere) (A1)

eg. m= F(z—2)

simplifying (A1)
eg. 4= (x—2)
r=6A1 N4
[6 marks]

Let g(z) = 2%, forz > 0.

11a. yse the quotient rule to show that 9'(x) = # . [4 marks]

T

Markscheme

d _ 1 d,2_
d—xlnm =< 3% = 2x (seen anywhere) AIAI

attempt to substitute into the quotient rule (do not accept product rule) M1
m2(é)—2:cln;c

e.g.
g A

correct manipulation that clearly leads to result A1

z—2zlng z(1-2lnz) z 2z1n 2

e.g. Z
1134 ’ 2174 ’ 5234 ! 5234

g'(z) = =22 AG NO
[4 marks]

11b. The graph of g has a maximum point at A. Find the x-coordinate of A.  [3 marks]



Markscheme

evidence of setting the derivative equal to zero (M1)
eg.9'(z)=0,1—-2lnx=0
Inz = % Al

1
r—=—1e¢e2 A1 N2
[3 marks]

12. et h(z) = 22 . Find A/(0) . [6 marks]

cosx



Markscheme

METHOD 1 (quotient)
derivative of numerator is 6 (A1)
derivative of denominator is — sinx (A1)
attempt to substitute into quotient rule (M1)
correct substitution A1

(cosz)(6)—(6z)(— sinz)

(cosz)®

substituting x = 0 (A1)

(cos0)(6)—(6x0)(—sin0)
(cos 0)°

h'(0) =6 A1 N2
METHOD 2 (product)
h(z) = 6x x (cosz)?
derivative of 6xis 6 (A1)

derivative of (cosz) ! is (—(cosz) ?(—sinz)) (A1)

e.g.

attempt to substitute into product rule (M1)
correct substitution A1

e.g. (6x)(—(cosz)?(—sinzx)) + (6)(cosz)?
substituting = 0 (A1)

e.g. (6 x 0)(—(cos0)~2(—sin0)) + (6)(cos0)~!
h'(0) =6 A1 N2

[6 marks]

Consider f(z) =22+ 2, 2 #0, where pis a constant.

13a.Find f'(x) . [2 marks]



Markscheme
f(z) =2z — % AIAI N2

Note: Award AZ for 2z , A1 for — 2 .
T

[2 marks]
13b. There is a minimum value of f(x) when £ = —2 . Find the value of p . [4 marks]
Markscheme
evidence of equating derivative to 0 (seen anywhere) (M1)
evidence of finding f'(—2) (seen anywhere) (M1)
correct equation A1
eg.—4-£=0,-16-p=0
p=—16 A1 N3
[4 marks]
Let f(z) = cos2z and g(z) = In(3z —5) .
14a.Find f'(x) . [2 marks]
Markscheme
(a) f'(x) = —sin 2z x 2(= —2sin 2z) AIAI N2
Note: Award A1 for 2, A1 for — sin 2z .
[2 marks]
[2 marks]

14b. Find g'(z) .



Markscheme

_ 1 _ 3
g'(z) =3 x 5 <_ m) AlAl1 N2

Note: Award A1 for 3, A1 for Tl_f) )

[2 marks]

l4c.Let h(z) = f(z) x g(x) . Find h/(z) . [2 marks]

Markscheme

evidence of using product rule (M1)
h'(z) = (cos 2) (%) + In(3z — 5)(—2sin 2) A2 N2

[2 marks]

15. Consider the curve with equation f(z) = pz® + qz , where pand gare [7 marks]
constants. The point A(1,3) lies on the curve. The tangent to the curve at A has
gradient 8. Find the value of p and of q.

Markscheme
substitutingz = 1, y = 3 into f(x) (M1)
3=p+qAl

finding derivative (M1)

f'(z) = 2pz + q A1

correct substitution, 2p + ¢ = 8 A1
p=295,q=—2A1A1 N2N2

[7 marks]

16. Let f(x) = €% cos z . Find the gradient of the normal to the curve of fat [6 marks]
r=T.



Markscheme

evidence of choosing the product rule (M1)
f'(z) =e® x (—sinz) + cosx X e* (= e®cosx — e*sinz) AIAL
substituting m (M1)
e.qg. f/(mr) =e"cosm—e"sinm,e"(—1—0), —€"
taking negative reciprocal (M1)
1

e.qg. —m

gradient is é Al N3
[6 marks]

Let f(z) =e 3 and g(z) = sin(:c — %) :

17a. Write down [2 marks]
(i) f'(z) ;
(i) g’ (z) .

Markscheme
(i) —3e3* A1 N1

(ii) cos(:c — %) Al N1

[4 marks]

17b. Let h(z) = e 3 sin(a: — %) . Find the exact value of h’ (%) . [4 marks]



Markscheme

evidence of choosing product rule (M1)
e.g. uwv' + vu/
correct expression Al

-3 . T =3 s
e.g. —3e “’sm(w — 3) +e wcos(:c — g)

complete correct substitution of x = - (A1)

&
3
w
3

e.g. —3e 7% sin(% — %) +e75% cos(ZL — %)[I oooooooo

h' (g) —e ™A1 N3
[4 marks]

Let f(z) = 3sinx +4cosz , for —2r <z < 27 .

18a. Sketch the graph of f. [3 marks]

Markscheme

by

AN AN
7]

Note: Award A1 for approximately sinusoidal shape, A1 for end points
approximately correct (—2m,4) (2m,4), A1 for approximately correct position

of graph, (y~intercept (0,4), maximum to right of y~axis).
[3 marks]

Al1A1A1 N3

r
L«




18b. Write down [3 marks]
(i) the amplitude;
(ii) the period,;

(iii) the x-intercept that lies between —% and 0.

Markscheme

(i) 5 A1 N1
(i) 27 (6.28) AI N1
(iii) —0.927 A1 N1

[3 marks]
18c. Hence write f(x) in the form psin(qgz + 7) . [3 marks]
Markscheme
f(z) = 5sin(z + 0.927) (acceptp=5,9g=1,r=0.927) AI1A1A1 N3
[3 marks]

18d. Write down one value of xsuch that f'(z) = 0. [2 marks]



Markscheme

evidence of correct approach (M1)
e.g. max/min, sketch of f’(x) indicating roots

AF 2—"")

|
I
one 3 s.f. value which rounds to one of —5.6, —2.5, 0.64, 3.8 A1 N2

[2 marks]

18e. Write down the two values of k for which the equation f(z) = khas  [2 marks]
exactly two solutions.

Markscheme

k=-5,k=5A1A4A1 N2
[2 marks]

18f.Let g(z) = In(z+ 1), for 0 < & < 7. There is a value of x, between 0 /5 marks]
and 1, for which the gradient of fis equal to the gradient of g. Find this value of x.



Markscheme

METHOD 1
graphical approach (but must involve derivative functions) M1

e.g.

A

each curve A1A1
x=0.511 A2 N2
METHOD 2

g'(z) = ﬁ Al
f'(z) = 3cosx — 4sinz (5cos(z + 0.927)) A1
evidence of attempt to solve g'(z) = f'(x) M1

x=0.511 A2 N2
[5 marks]

Consider the curvey = In(3z — 1) . Let P be the point on the curve wherez =2 .

19a. Write down the gradient of the curve at P. [2 marks]

Markscheme

gradient is 0.6 A2 N2
[2 marks]

19b. The normal to the curve at P cuts the x-axis at R. Find the coordinates [5 marks]
of R.



Markscheme

at R, y = 0 (seen anywhere) A1
atz=2,y=1n5(=1.609...) (A1)

gradient of normal = —1.6666... (A1)

evidence of finding correct equation of normal A1

eg.y=Inb=—-2(z—2),y=-167z+c

x = 2.97 (accept 2.96) A1
coordinates of R are (2.97,0) N3

[5 marks]
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